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Abstract
We prove that a strongly connected balanced bipartite directed graph of order 2a ≥ 6 with partite
sets X and Y contains cycles of every length 2, 4, . . . , 2a, provided d(x) + d(y) ≥ 3a for every pair of
vertices x, y either both in X or both in Y .
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1 Introduction
We consider directed graphs (digraphs) in the sense of [4]. A cycle is called Hamiltonian if it includes all
the vertices of D. A digraph D is Hamiltonian if it contains a Hamiltonian cycle. There are numerous
sufficient conditions for the existence of a Hamiltonian cycle in a digraph (see [2] - [5], [7], [13], [14], [16],
[17]). The more general and classical ones are the following theorem by M. Meyniel.
Theorem 1.1 (Meyniel [17]). Let D be a strongly connected digraph of order n ≥ 2. If d(x) + d(y) ≥
2n− 1 for all pairs of non-adjacent vertices in D, then D is Hamiltonian.
Notice that Meyniel’s theorem is a generalization of Ghouila-Houri’s and Woodall’s theorems.
A digraph is pancyclic if it contains cycles of every length k, 3 ≤ k ≤ n, where n is the order of
D. There are various sufficient conditions for a digraph (undirected graph) to be Hamiltonian are also
sufficient for the digraph to be pancyclic (see [4], [7], [9], [10], [14], [15], [16], [19]). In [8] and [9], the
author studded the pancyclcity of a digraph with the condition of the Meyniel theorem. Before stating
the main result of [9] we need define a family of digraphs.
Definition 1.2. For any integers n and m, (n + 1)/2 < m ≤ n − 1, let Φmn denote the set of di-
graphs D, which satisfy the following conditions: (i) V (D) = {x1, x2, . . . , xn}; (ii) xnxn−1 . . . x2x1xn is
a Hamiltonian cycle in D; (iii) for each k, 1 ≤ k ≤ n − m + 1, the vertices xk and xk+m−1 are not
adjacent; (iv) xjxi /∈ A(D) whenever 2 ≤ i + 1 < j ≤ n and (v) the sum of degrees for any two distinct
non-adjacent vertices at least 2n− 1.
Theorem 1.3 (Darbinyan [9]). Let D be a strongly connected digraph of order n ≥ 2. Suppose that
d(x) + d(y) ≥ 2n − 1 for all pairs of distinct non-adjacent vertices x, y in D. Then either (a) D is
pancyclic or (b) n is even and D is isomorphic to one of K∗n/2,n/2, K
∗
n/2,n/2 \ {e}, where e is an arbitrary
arc of K∗n/2,n/2, or (c) D ∈ Φ
m
n (in this case D does not contain a cycle of length m).
Theorem 1.3, later also was proved independently by Benhocine [6]. In [5], Bang-Jensen, Gutin and
Li conjectured the following strengthening of Meyniel’s theorem.
Conjecture 1.4. Let D be a strongly connected digraph of order n. Suppose that d(x)+d(y) ≥ 2n−1
for every pair of non-adjacent distinct vertices x, y with a common out-neighbor or a common in-neighbor.
Then D is Hamiltonian.
1
They also conjectured that this can even be generalized to
Conjecture 1.5. Let D be a strongly connected digraph of order n. Suppose that d(x)+d(y) ≥ 2n−1
for every pair of non-adjacent distinct vertices x, y with a common in-neighbor. Then D is Hamiltonian.
In [3] and [5], it was proved that Conjecture 1.4 (1.5) is true if we also require an additional condition.
Theorem 1.6 (Bang-Jensen, Guo, Yeo [3]). Let D be a strongly connected digraph of order n ≥ 2.
Suppose that min{d+(x) + d−(y), d−(x) + d+(y)} ≥ n− 1 and d(x) + d(y) ≥ 2n− 1 for any pair of non-
adjacent vertices x, y with a common in-neighbor or a common out-neighbor. Then D is Hamiltonian.
Theorem 1.7 (Bang-Jensen, Gutin, Li [5]). Let D be a strongly connected digraph of order n ≥ 2.
Suppose that min{d(x), d(y)} ≥ n− 1 and d(x) + d(y) ≥ 2n− 1 for any pair of non-adjacent vertices x, y
with a common in-neighbor. Then D is Hamiltonian.
In [3], also it was proved that if in Conjecture 1.4 we replace 5n/2−4 instead of 2n−1, then Conjecture
1.4 is true.
A digraph D is a bipartite if there exists a partition X , Y of its vertex set into two partite sets such
that every arc of D has its end-vertices in different partite sets. It is called balanced if |X | = |Y |.
An analogue of Meyniel’s theorem for the hamiltonicity of balanced digraphs was given by Adamus,
Adamus and Yeo [2].
Theorem 1.8 (Adamus, Adamus, Yeo [2]). Let D be a balanced bipartite digraph of order 2a ≥ 4
with partite sets X and Y . Then D is Hamiltonian provided one of the following holds:
(a) d(x) + d(y) ≥ 3a+ 1 for each pair of non-adjacent vertices x, y ∈ X ∪ Y ;
(b) D is strongly connected and d(x) + d(y) ≥ 3a for each pair of non-adjacent vertices x, y ∈ X ∪ Y ;
(c) the minimal degree of D at least (3a+ 1)/2;
(d) D is strongly connected and its the minimal degree at least 3a/2.
Meszka [18] proved the following theorem.
Theorem 1.9 (Meszka [18]). Let D be a balanced bipartite digraph of order 2a ≥ 4 with partite sets
X and Y . Suppose that d(x) + d(y) ≥ 3a + 1 for each two vertices x, y either both in X or both in Y .
Then D contains cycles of all even lengths 4, 6, . . . , 2a.
Notice that Theorem 1.8(a) is an immediate corollary of Theorem 1.9. There are some versions of
Conjecture 1.4 and 1.5 for balanced bipartite digraphs. (Theorems 1.10-1.11 below).
Theorem 1.10 (Adamus [1]). Let D be a strongly connected balanced bipartite digraph of order
2a ≥ 6. If d(x) + d(y) ≥ 3a for every pair of distinct vertices x, y with a common out-neighbor or a
common in-neighbor, then D is Hamiltonian.
The last theorem improved Theorem 1.8. An analogue of Theorem 1.6 was given by Wang [20], and
recently strengthened by the author [11].
Theorem 1.11 (Wang [20]). Let D be a strongly connected balanced bipartite digraph of order 2a ≥ 4.
Suppose that, for every dominating pair of vertices {x, y}, either d(x) ≥ 2a − 1 and d(y) ≥ a + 1 or
d(y) ≥ 2a− 1 and d(x) ≥ a+ 1. Then D is Hamiltonian.
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Before stating the next theorems we need to define a digraph of order eight.
Definition 1.12. Let D(8) be the bipartite digraph with partite sets X = {x0, x1, x2, x3} and
Y = {y0, y1, y2, y3}, and A(D(8)) contains exactly the arcs y0x1, y1x0, x2y3, x3y2 and all the arcs
of the following 2-cycles: xi ↔ yi, i ∈ [0, 3], y0 ↔ x2, y0 ↔ x3, y1 ↔ x2 and y1 ↔ x3.
It is not difficult to check that D(8) is strongly connected, max{d(x), d(y)} ≥ 2a − 1 for every pair
of vertices {x, y} with a common out-neighbor and it is not Hamiltonian. (Indeed, if C is a Hamiltonian
cycle in D(8), then C would contain the arcs x1y1 and x0y0 and therefore, the path x1y1x0y0 or the path
x0y0x1y1, which is impossible since N
−(x0) = N
−(x1) = {y0, y1}).
Theorem 1.13 (Darbinyan [11] and [12]). Let D be a strongly connected balanced bipartite digraph
of order 2a ≥ 8 with partite sets X and Y . If D is not a directed cycle and max{d(x), d(y)} ≥ 2a − 1
for every pair of distinct vertices {x, y} with a common out-neighbor, then either D contains cycles of all
even lengths less than or equal to 2a or D is isomorphic to the digraph D(8).
Notice that Theorem 1.11 is an immediate consequence of Theorem 1.13.
In this paper using Theorem 1.3 and some arguments of [18] we prove the following theorem.
Theorem 1.14. Let D be a strongly connected balanced bipartite digraph of order 2a ≥ 6 with partite
sets X and Y . If d(x) + d(y) ≥ 3a for every pair of distinct vertices {x, y} either both in X or both in
Y , then D contains cycles of all even lengths less than or equal to 2a.
Remark. For any integer a ≥ 2 there is a non-strongly connected balanced bipartite digraph D of
order 2a with partite sets X and Y , such that d(x) + d(y) ≥ 3a for every pair of distinct vertices {x, y}
either both in X or both in Y .
To see this, we take two balanced bipartite complete digraph of order a (a is even) with partite sets
U , V and Z, W , respectively. By adding all the possible arcs from Z to V and from W to U we obtain
a digraph D. It is easy to check that d(x) + d(y) ≥ 3a for every pair of non-adjacent distinct vertices
{x, y} of D, but D is not strongly connected.
2 Terminology and Notation
In this paper we consider finite digraphs without loops and multiple arcs. Terminology and notation not
described below follow [4]. The vertex set and the arc set of a digraph D are denoted by V (D) and A(D),
respectively. The order of D is the number of its vertices. If xy ∈ A(D), then we also write x → y and
say that x dominates y or y is an out-neighbor of x and x is an in-neighbor of y. If x→ y and y → x we
shall use the notation x ↔ y (x ↔ y is called 2-cycle). Let −→a [x, y] = 1 if xy ∈ A(D) and −→a [x, y] = 0 if
xy /∈ A(D).
If A and B are two disjoint subsets of V (D) such that every vertex of A dominates every vertex of
B, then we say that A dominates B, denoted by A → B. Similarly, A ↔ B means that A → B and
B → A. If x ∈ V (D) and A = {x} we sometimes write x instead of {x}. Let N+D (x), N
−
D (x) denote the
set of out-neighbors, respectively the set of in-neighbors of a vertex x in a digraph D. If A ⊆ V (D), then
N+D(x,A) = A∩N
+
D (x) and N
−
D (x,A) = A∩N
−
D (x). The out-degree of x is d
+
D(x) = |N
+
D (x)| and d
−
D(x) =
|N−D (x)| is the in-degree of x. Similarly, d
+
D(x,A) = |N
+
D (x,A)| and d
−
D(x,A) = |N
−
D (x,A)|. The degree
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of the vertex x in D is defined as dD(x) = d
+
D(x) + d
−
D(x) (similarly, dD(x,A) = d
+
D(x,A) + d
−
D(x,A)).
We omit the subscript if the digraph is clear from the context. The subdigraph of D induced by a subset
A of V (D) is denoted by D〈A〉 or 〈A〉 for brevity.
For integers a and b, a ≤ b, let [a, b] denote the set of all the integers which are not less than a and
are not greater than b.
The path (respectively, the cycle) consisting of the distinct vertices x1, x2, . . . , xm ( m ≥ 2) and the
arcs xixi+1, i ∈ [1,m − 1] (respectively, xixi+1, i ∈ [1,m − 1], and xmx1), is denoted by x1x2 · · ·xm
(respectively, x1x2 · · ·xmx1). The length of a cycle or a path is the number of its arcs. We say that
x1x2 · · ·xm is a path from x1 to xm or is an (x1, xm)-path. If a digraph D contains a path from a vertex
x to a vertex y we say that y is reachable from x in D. In particular, x is reachable from itself.
Let K∗a,b denote the complete bipartite digraph with partite sets of cardinalities a and b.
A digraph D is strongly connected (or, just, strong) if there exists a path from x to y and a path from
y to x for every pair of distinct vertices x, y.
Two distinct vertices x and y are adjacent if xy ∈ A(D) or yx ∈ A(D) (or both).
Let D be a bipartite digraph with partite sets X and Y . A matching from X to Y (from Y to X) is
an independent set of arcs with origin in X and terminus in Y (origin in Y and terminus in X). (A set of
arcs with no common end-vertex is called independent). If D is balanced, one says that such a matching
is perfect if it consists of precisely |X | arcs.
3 Preliminaries
Let us recall some results (Lemmas 3.1 and 3.4) which will be used in this paper.
Lemma 3.1 (Adamus [1]). Let D be a strongly connected balanced bipartite digraph of order 2a ≥ 4.
If d(x) + d(y) ≥ 3a for every pair of vertices x, y with a common in-neighbor or a common out-neighbor,
then D contains a perfect matching from Y to X and a perfect matching from X to Y .
Definition 3.2. Let D be a balanced bipartite digraph of order 2a ≥ 6 with partite sets X and Y . Let
k ≥ 0 be an integer. We will say that D satisfies condition Ak when d(x) + d(y) ≥ 3a+ k for every pair
of distinct vertices x, y either both in X or both in Y .
Follows [18], we give the following definition.
Definition 3.3. Let D be a balanced bipartite digraph of order 2a ≥ 6 with partite sets X and Y .
Let My,x = {yixi ∈ A(D) | i = 1, 2, . . . , a} be an arbitrary perfect matching from Y to X. We define a
digraph D∗[My,x] of order a and with vertex set {v1, v2, . . . , va} as follows: Each vertex vi corresponds
to a pair {xi, yi} of vertices in D and for each pair of distinct vertices vl, vj, vlvj ∈ A(D∗[My,x]) if and
only if xlyj ∈ A(D).
Let D be a balanced bipartite digraph with partite sets X and Y . Let My,x be a perfect matching
from Y to X in D and D∗[My,x] be its corresponding digraph. Further, in this paper we will denote the
vertices of D (respectively, of D∗[My,x]) by letters x, y (respectively, u, v) with subscripts or without
subscripts.
The size of a perfect matching My,x = {yixi ∈ A(D) | i = 1, 2, . . . , a} from Y to X in D (denoted by
s(My,x)) is the number of arcs yixi such that xiyi /∈ A(D).
Using [18], we can formulate the following lemma.
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Lemma 3.4 (Meszka [18]). Let D be a balanced bipartite digraph of order 2a ≥ 6 with partite sets X
and Y . Let My,x = {yixi ∈ A(D) | i = 1, 2, . . . , a} be an arbitrary perfect matching from Y to X. Then
the following holds.
(i). d+(vi) = d
+(xi)−−→a [xi, yi] and d−(vi) = d−(yi)− −→a [xi, yi].
(ii). If D∗[My,x] contains a cycle of length k, where k ∈ [2, a], then D contains a cycle of length 2k.
(iii). Let a ≥ 4 is even and D∗[My,x] is isomorphic to K
∗
a/2,a/2 with partite sets {v1, v2, . . . , va/2}
and {va/2+1, va/2+2, . . . , va}. If D contains an arc from {y1, y2, . . . , ya/2} to {xa/2+1, xa/2+2, . . . , xa}, say
ya/2xa ∈ A(D). Then D contains cycles of every length 2k, k = 2, 3, . . . , a.
Proof of Lemma 3.4. The proof of Lemma 3.4 can be found in [18], but we give it here for
completeness.
(i). It follows immediately from the definition of D∗[My,x].
(ii). Indeed, if vi1vi2 . . . vikvi1 is a cycle of length k in D
∗[My,x], then yi1xi1yi2xi2yi3 . . . yikxikyi1 is a
cycle of length 2k in D.
(iii). By (ii), it is clear that D contains cycles of every length 4k, k = 1, 2 . . . , a/2. It remains to show
that D also contains cycles of every length 4k + 2, k = 1, 2 . . . , a/2 − 1. Indeed, since xiyj ∈ A(D) and
xjyi ∈ A(D) for all i ∈ [1, a/2], j ∈ [a/2 + 1, a] and ya/2xa ∈ A(D), from the definition of D
∗[My,x] it
follows that y1x1ya/2+1xa/2+1y2x2ya/2+2xa/2+2y3x3 . . . xkya/2+kxa/2+kya/2xay1 is a cycle of length 4k+2
in D.
4 Proof of the main result
The proof of Theorem 1.14 will be based on the following three lemmas.
Lemma 4.1. Let D be a strongly connected balanced bipartite digraph of order 2a ≥ 6 with partite
sets X and Y . If D satisfies condition A0, then D contains cycles of lengths 2 and 4.
Proof of Lemma 4.1. From condition A0 immediately follows that D contains a cycle of length 2.
We will prove that D contains a cycle of length 4. By Lemma 3.1, D contains a perfect matching from
Y to X . Let My,x = {yixi ∈ A(D) | i = 1, 2, . . . , a} be an arbitrary perfect matching from Y to X . If for
some integers i, j, 1 ≤ i 6= j ≤ a, the arcs xiyj , xjyi are in D, then xiyjxjyixi is a cycle of length 4. We
may therefore assume that for any pair of integers i, j, 1 ≤ i 6= j ≤ a,
−→a [xi, yj ] +−→a [xj , yi] ≤ 1.
Therefore, for all i ∈ [1, a] we have
d−(yi) ≤ a− d
+(xi)− 1, if −→a [xi, yi] = 0, and d
−(yi) ≤ a− d
+(xi) + 1, if −→a [xi, yi] = 1. (1)
Assume that there are two distinct integers i, j, 1 ≤ i, j ≤ a, such that −→a [xi, yi] = −→a [xj , yj] = 0. Then,
by (1), d−(yi) + d
+(xi) ≤ a− 1 and d
−(yj) + d
+(xj) ≤ a− 1. These together with condition A0 and the
fact that the semi-degrees of every vertex in D are bounded above by a thus imply that
6a ≤ d(xi) + d(xj) + d(yi) + d(yj) = d
−(yi) + d
+(xi) + d
−(yj) + d
+(xj)
+d+(yi) + d
+(yj) + d
−(xi) + d
−(xj) ≤ 6a− 2,
which is a contradiction.
Assume now that for some i ∈ [1, a], −→a [xi, yi] = 0 and for all j ∈ [1, a] \ {i}, −→a [xj , yj ] = 1. Without
loose of generality we may assume that i = 1 and j = 2. By (1), d−(y1) + d
+(x1) ≤ a − 1 and
d−(y2) + d
+(x2) ≤ a + 1. If for some k ∈ [3, a], y2xk ∈ A(D) and ykx2 ∈ A(D), then x2y2xkykx2 is a
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cycle of length 4 in D. We may therefore assume that −→a [y2, xk] + −→a [yk, x2] ≤ 1 for all k ∈ [3, a]. This
implies that
d−(x2) ≤ a− 2− d
+(y2, X \ {x1, x2}) + 2,
and hence d−(x2) + d
+(y2) ≤ a+ 2. Using the above inequalities and condition A0, we obtain
6a ≤ d(x1) + d(x2) + d(y1) + d(y2) = d
−(y1) + d
+(x1) + d
−(y2) + d
+(x2)
+d−(x2) + d
+(y2) + d
−(x1) + d
+(y1) ≤ 5a+ 2,
which is a contradiction since a ≥ 3.
Assume finally that xiyi ∈ A(D) for all i ∈ [1, a]. In this case, by the symmetry between the vertices
xi and yi, similarly to (1), we obtain that d
−(xi) + d
+(yi) ≤ a + 1. This together with (1) implies that
for any i, j (1 ≤ i 6= j ≤ a),
6a ≤ d(xi) + d(xj) + d(yi) + d(yj) ≤ 4a+ 4,
a contradiction since a ≥ 3. Lemma 4.1 is proved.
Lemma 4.2. Let D be a strongly connected balanced bipartite digraph of order 2a ≥ 6 with partite
sets X and Y . Let My,x = {yixi ∈ A(D) | i = 1, 2, . . . , a} be a perfect matching from Y to X in D such
that the size of My,x is maximum among the sizes of all the perfect matching from Y to X in D. If D
satisfies condition A0, then the digraph D
∗[My,x] is strongly connected or D contains cycles of all lengths
2, 4, . . . , 2a.
Proof of Lemma 4.2. Notice that, by Lemma 4.1, D contains cycles of lengths 2 and 4. Suppose
that the digraph D∗[My,x] is not strongly connected. Then in D
∗[My,x] there are two distinct vertices,
say v1 and vj , such that there is no path from v1 to vj in D
∗[My,x]. Let U be the set of all vertices
reachable from v1 and W be the set of all vertices from which vj is reachable. Notice that v1 ∈ U , vj ∈W
and U ∩W = ∅.
Case 1. d+(v1) ≥ 1 and d−(vj) ≥ 1.
Then |U | ≥ 2 and |W | ≥ 2. Let vl, vk be arbitrary two distinct vertices in U and vp, vq arbitrary two
distinct vertices in W . From condition A0 and the fact that the semi-degrees of every vertex in D are
bounded above by a it follows that
d+(xl) + d
+(xk) ≥ a and d
−(xp) + d
−(xq) ≥ a. (2)
By Lemma 3.2(i),
d+(vl) + d
+(vk) = d
+(xl) + d
+(xk)−−→a [xl, yl]−−→a [xk, yk],
and
d−(vp) + d
−(vq) = d
−(yp) + d
−(yq)−−→a [xp, yp]−−→a [xq , yq]. (3)
These and (2) imply that d+(vl) + d
+(vk) ≥ a − 2 and d−(vp) + d−(vq) ≥ a − 2, which in turn implies
that |U | ≥ a/2 and |W | ≥ a/2.
If d+(vl) + d
+(vk) ≥ a − 1 or d−(vp) + d−(vq) ≥ a − 1, then |U | ≥ (a + 1)/2 or |W | ≥ (a + 1)/2,
respectively. Hence |U |+ |W | ≥ (2a+ 1)/2, which is a contradiction since |U |+ |W | ≤ a. Using (2) and
(3), we may therefore assume that
d+(vl) + d
+(vk) = d
+(xl) + d
+(xk)− 2 = d
−(vp) + d
−(vq) = d
−(yp) + d
−(yq)− 2 = a− 2.
Then it is easy to see that the arcs xlyl, xkyk, xpyp and xqyq are inD, |U | = |W | = a/2 and V (D∗[My,x]) =
U ∪W . In particular, a is even. Without loss of generality we assume that U = {v1, v2, . . . , va/2} and
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W = {va/2+1, va/2+2, . . . , va}. Since there is no arc from a vertex in U to a vertex in W , the following
holds:
A({x1, x2, . . . , xa/2} → {ya/2+1, ya/2+2, . . . , ya}) = ∅. (4)
Therefore, if i ∈ [1, a/2] and j ∈ [a/2 + 1, a], then d+(xi) ≤ a/2 and d−(yj) ≤ a/2. These together with
(2) imply that d+(xi) = d
−(yj) = a/2 and
xi → {y1, y2, . . . , ya/2} and {xa/2+1, xa/2+2, . . . , xa} → yj (5)
for all i ∈ [1, a/2] and j ∈ [a/2 + 1, a], respectively. Therefore, by condition A0,
3a ≤ d(xi) + d(xk) ≤ a+ d
−(xi) + d
−(xk),
for any pair of i, k ∈ [1, a/2]. This implies that d−(xi) = d−(xk) = a, i.e., {y1, y2, . . . , ya} → {xi, xk}.
Similarly, yj → {x1, x2 . . . , xa}, for all j ∈ [a/2 + 1, a]. From this and (5) it follows that the induced
subdigraphs 〈{x1, x2, . . . , xa/2, y1, y2, . . . , ya/2}〉 and 〈{xa/2+1, xa/2+2, . . . , xa, ya/2+1, ya/2+2, . . . , ya}〉 are
balanced bipartite complete digraphs. Therefore, D contains cycles of all lengths 2, 4, . . . , a. It re-
mains to show that D also contains cycles of every length a + 2b, b ∈ [1, a/2]. Since D is strongly
connected and (4), it follows that there is an arc from a vertex in {y1, y2, . . . , ya/2} to a vertex in
{xa/2+1, xa/2+2, . . . , xa}. Without loss of generality we may assume that ya/2xa/2+1 ∈ A(D). Then
x1y1x2y2 . . . xa/2ya/2xa/2+1 ya/2+1xa/2+2 . . . xa/2+bya/2+bx1 is a cycle of length a+ 2b. Thus D contains
cycles of all lengths 2, 4, . . . , 2a. This completes the discussion of Case 1.
Case 2. d+(v1) = 0.
Then d+(x1) = 1 and x1y1 ∈ A(D), since D is strongly connected. Hence d(x1) ≤ a+1. This together
with condition A0 implies that a ≤ d(x1) ≤ a+ 1. We now distinguish two subcases.
Case 2.1. d(x1) = a.
Then d(xi) ≥ 2a for all i ∈ [2, a] because of condition A0. Therefore, the induced subdigraph
〈Y ∪ X \ {x1}〉 is a complete bipartite digraph with partite sets Y and X \ {x1}. It is clear that D
contains cycles of every lengths 2, 4, . . . , 2a − 2. Since d(x1) = a, d+(x1) = 1 and a ≥ 3, we have
that d−(x1) = a − 1 ≥ 2. Without loose of generality we may assume that y2x1 ∈ A(D). Then
x2y2x1y1x3y3 . . . xayax2 is a cycle of length 2a.
Case 2.2. d(x1) = a+ 1.
Then {y1, y2, . . . , ya} → x1 because of d
+(x1) = 1, and, by condition A0, d(xi) ≥ 2a−1 for all i ∈ [2, a].
Observe that if for some i ∈ [2, a], y1xi ∈ A(D), then M iy,x := {yix1, y1xi} ∪ {yjxj | j ∈ [1, a] \ {1, i}} is a
perfect matching from Y to X in D.
Assume that for some i ∈ [2, a], xiy1 /∈ A(D). Then y1xi ∈ A(D) because of d(xi) ≥ 2a − 1. Since
x1y1 ∈ A(D), xiy1 /∈ A(D) and x1yi /∈ A(D), it follows that s(M iy,x) > s(My,x), which contradicts the
choice of My,x. We may therefore assume that {x2, x3, . . . , xa} → y1. If y1xi ∈ A(D) and xiyi ∈ A(D),
where i ∈ [2, a], then again we have s(M iy,x) > s(My,x), since the arcs x1y1, xiyi are inD and x1yi /∈ A(D).
We may therefore assume that −→a [y1, xi] + −→a [xi, yi] ≤ 1. This together with d(xi) ≥ 2a − 1, i ∈ [2, a],
thus imply that
{y2, y3, . . . , ya} → xi → {y2, y3, . . . , ya} \ {yi}. (6)
From strongly connectedness ofD and d+(x1, {y2, y3, . . . , ya} = 0 it follows that d+(y1, {x2, x3, . . . , xa}) 6=
0. Without loss of generality we assume that y1x2 ∈ A(D). Then, since y2x1 ∈ A(D) and (6),
x1y1x2y3x3 . . . xk−1ykxky2x1 is a cycle of length 2k for every k ∈ [3, a]. Lemma 4.2 is proved.
Lemma 4.3. Let D be a strongly connected balanced bipartite digraph of order 2a ≥ 6 with partite
sets X and Y . Let My,x = {yixi ∈ A(D) | i = 1, 2, . . . , a} be a perfect matching from Y to X in D such
that the size of My,x is maximum among the sizes of all the perfect matching from Y to X in D. If D
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satisfies condition A0, then either d(u) + d(v) ≥ 2a − 1 for every pair of non-adjacent vertices u, v in
D∗[My,x] or a ≤ 4 in which case D contains cycles of all lengths 2, 4, . . . , 2a.
Proof of Lemma 4.3. Let vi and vj be two arbitrary distinct vertices in D
∗[My,x]. Put
g(i, j) := d+(xi) + d
+(xj) + d
−(yi) + d
−(yj) and f(i, j) := d
−(xi) + d
−(xj) + d
+(yi) + d
+(yj).
By Lemma 3.2(i), we have
d(vi) + d(vj) = g(i, j)− 2−→a [xi, yi]− 2−→a [xj , yj ]. (7)
By condition A0, we have
6a ≤ d(xi) + d(xj) + d(yi) + d(yj) = f(i, j) + g(i, j).
Hence g(i, j) ≥ 2a, since the semi-degrees of every vertex of D are bounded above by a, and
f(i, j) ≥ 6a− g(i, j). (8)
Now we prove the following claim.
Claim 1. Assume that the vertices vi and vj in D
∗[My,x] are not adjacent. Then the following holds:
(i). If xiyi ∈ A(D) or xjyj ∈ A(D), then −→a [yi, xj ] +−→a [yj , xi] ≤ 1.
(ii). If xiyi /∈ A(D) or xjyj /∈ A(D), then d(vi) + d(vj) ≥ 2a− 1 in D∗[My,x].
Proof of the claim. Since the vertices vi and vj in D
∗[My,x] are not adjacent, it follows that
xiyj /∈ A(D) and xjyi /∈ A(D).
(i). Suppose, to the contrary, that xiyi ∈ A(D) or xjyj ∈ A(D), but −→a [yi, xj ] +−→a [yj , xi] = 2. Then
M ′y,x = {yixj , yjxi} ∪ {ykxk | k ∈ [1, a] \ {i, j}} is a new perfect matching from Y to X in D. Since
xjyi /∈ A(D), xiyj /∈ A(D) and xiyi ∈ A(D) or xjyj ∈ A(D), it follows that s(M ′y,x) > s(My,x), which
contradicts the choice of My,x.
(ii). If −→a [xi, yi] = −→a [xj , yj ] = 0, then from (7) and g(i, j) ≥ 2a it follows that d(vi) + d(vj ≥ 2a.
We may therefore assume that xiyi ∈ A(D). Then xjyj /∈ A(D) by the assumption of Claim 1(ii).
If g(i, j) ≥ 2a + 1, then, by (7), d(vi) + d(vj) ≥ 2a − 1. Thus, we may assume that g(i, j) = 2a.
Then f(i, j) ≥ 4a by (8). The last inequality implies that the arcs yixj , yjxi are in D. Therefore,
M ′y,x := {yixj , yjxi} ∪ {ykxk | k ∈ [1, a] \ {i, j}} is a new perfect matching from Y to X in D. Since
xiyi ∈ A(D), xiyj /∈ A(D) and xjyi /∈ A(D), it follows that s(M ′y,x) > s(My,x), which contradicts the
choice of My,x. The claim is proved.
We now return to the proof of Lemma 4.3. Suppose that two vertices, say v1 and v2, in D
∗[My,x] are
not adjacent and
d(v1) + d(v2) ≤ 2a− 2. (9)
This together with (7), −→a [x1, y1] ≤ 1 and −→a [x2, y2] ≤ 1 implies that g(1, 2) ≤ 2a+ 2. Therefore,
2a ≤ g(1, 2) ≤ 2a+ 2.
Case 1. −→a [x1, y1] = 0.
Then from (7), (9) and the fact that g(1, 2) ≥ 2a, it follows that −→a [x2, y2] = 1 (i.e., x2y2 ∈ A(D))
and g(1, 2) = 2a. From this and (8) it follows that f(1, 2) ≥ 4a, which in turn implies that y1x2 ∈ A(D)
and y2x1 ∈ A(D). These contradicts Claim 1(i) since x2y2 ∈ A(D).
Case 2. −→a [x1, y1] = −→a [x2, y2] = 1, i.e., x1y1 ∈ A(D) and x2y2 ∈ A(D).
From Claim 1(i) it follows that y1x2 /∈ A(D) or y2x1 /∈ A(D). If 2a ≤ g(1, 2) ≤ 2a+ 1, then from (8)
it follows that f(1, 2) ≥ 4a − 1, which in turn implies that y1x2 ∈ A(D) and y2x1 ∈ A(D), which is a
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contradiction. We may therefore assume that g(1, 2) = 2a+ 2. This and (8) imply that f(1, 2) ≥ 4a− 2.
Then, since y1x2 /∈ A(D) or y2x1 /∈ A(D), it follows that y1x2 ∈ A(D) or y2x1 ∈ A(D). Without loss of
generality, we may assume that y1x2 /∈ A(D) and y2x1 ∈ A(D). Then f(1, 2) = 4a − 2, which in turn
implies that
d−(x1) = d
+(y2) = a and d
−(x2) = d
+(y1) = a− 1.
Therefore,
y2 → {x1, x2, . . . , xa}; {y1, y2, . . . , ya} → x1; y1 → {x1, x3, x4, . . . , xa}; {y2, y3, . . . , ya} → x2. (10)
since y1x2 /∈ A(D). Using (10), it is easy to see that for all i ∈ [3, a],
M iy,x = {y2x1, yix2, y1xi} ∪ {ykxk | k ∈ [3, a] \ {i}}
is a perfect matching from Y to X in D. Using the facts that the arcs x1y1, x2y2 are in D, it is not
difficult to see that if for some i ∈ [3, a], either x2yi /∈ A(D) or xiy1 /∈ A(D) or xiyi ∈ A(D), then
s(M iy,x) > s(My,x), which contradicts the choice of My,x. We may therefore assume that xiyi /∈ A(D)
for all i ∈ [3, a], and
x2 → {y2, y3, . . . , ya} and {x3, x4, . . . , xa} → y1.
This together with (10) give
x2 ↔ {y2, y3, . . . , ya} and y1 ↔ {x1, x3, x4, . . . , xa}. (11)
Since the vertices y1, x2 are not adjacent, from (11) and Lemma 3.4(i) it follows that
d−(y1) = d
+(x2) = a− 1, d
−(v1) = d
+(v2) = a− 2. (12)
From g(1, 2) = 2a+ 2, x1y1 ∈ A(D) and x2y2 ∈ A(D) it follows that
d(v1) + d(v2) = g(1, 2)− 4 = 2a− 2.
This together with the strongly connectedness of D∗[My,x] and (12) implies that d
+(v1) = d
−(v2) = 1.
This means that d+(x1) = d
−(y2) = 2. Therefore, d(x1) = d(y2) = a+ 2 by (10).
Now for every i ∈ [3, a] consider the perfect matching M iy,x and its corresponding digraph D
∗[M iy,x].
Notice that s(My,x) = s(M
i
y,x) = a− 2, the vertices y1, x2 are not adjacent and the arcs xiyi, x1y2 are
not in A(D). Hence, the vertices vi1 = {y1, xi}, v
i
2 = {yi, x2} in D
∗[M iy,x] are not adjacent. From Claim
1(ii) it follows that in D∗[M iy,x] the degree sum of every pair of two distinct non-adjacent vertices, other
than {vi1, v
i
2}, at least 2a− 1. If in D
∗[M iy,x], d(v
i
1) + d(v
i
2) ≤ 2a− 2, then by an argument to that in the
proof of d(x1) = d(y2) = a+ 2, we deduce that d(xi) = d(yi) = a + 2 for all i ∈ [3, a]. Therefore for all
i ∈ [3, a], 3a ≤ d(x1) + d(xi) ≤ 2a+ 4, i.e., a ≤ 4.
Let a = 3. Then x3y2 ∈ A(D) since x1y2 /∈ A(D) and d
−(y1) = 2. Now using (10) and (11), it is easy
to check that x3y2x2y3x1y1x3 is a cycle of length 6 in D.
Let now a = 4. By Lemma 4.1, we need to show that D contains cycles of lengths 6 and 8. From
d(x4) = 6 and x4y4 /∈ A(D) it follows that x4y2 ∈ A(D) or x4y3 ∈ A(D).
Assume that x3y4 ∈ A(D). Then using (10) and (11) it is not difficult to see that x3y4x2y2x1y1x3 is a
cycle of length 6, and x3y4x4y2x2y3x1y1x3 (x3y4x4y3x2y2x1y1x3) is a cycle of length 8, when x4y2 ∈ A(D)
(when x4y3 ∈ A(D)).
Assume now that x3y4 /∈ A(D). Then from x4y4 /∈ A(D) and d(y4) = 6 it follows that x1y4 ∈ A(D).
Now again using (10) and (11), we see that x1y4x2y2x3y1x1 is a cycle of length 6, and x1y4x4y2x2y3x3y1x1
(x1y4x4y3x2y2x3y1x1) is a cycle length 8, when x4y2 ∈ A(D) (when x4y3 ∈ A(D)). Thus, we have shown
that if a = 3 or a = 4, then D contains cycles of all lengths 2, 4, . . . , 2a. This completes the proof of
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Lemma 4.3.
We now ready to complete the proof of Theorem 1.14.
Proof of Theorem 1.14.
Let D be a digraph satisfying the conditions of Theorem 1.14. By Lemma 4.1, D contains cycles
of lengths 2 and 4. By Lemma 3.1, D contains a perfect matching from Y to X . Let My,x = {yixi ∈
A(D) | i = 1, 2, . . . , a} be a perfect matching from Y to X in D with the maximum size among the sizes of
all the perfect matching from Y to X in D. By Lemma 4.2, the digraph D∗[My,x] either contains cycles of
all lengths 2, 4, . . . , 2a or is strongly connected. Assume that D∗[My,x] is strongly connected. By Lemma
4.3, either (i) a ≤ 4 in which caseD contains cycles of all lengths 2, 4, . . . , 2a or (ii) d(u)+d(v) ≥ 2a−1 for
every pair of non-adjacent vertices u, v in D∗[My,x]. Assume that the second case holds. Therefore, by
Theorem 1.3, either (a) D∗[My,x] contains cycles of every length k, k ∈ [3, a] or (b) a is even and D∗[My,x]
is isomorphic to one of K∗a/2,a/2, K
∗
a/2,a/2 \ {e} or (c) D
∗[My,x] ∈ Φ
m
a , where (a+ 1)/2 < m ≤ a− 1.
(a). In this case, by Lemma 4.1 and Lemma 3.4(ii), D contains cycles of every length 2k, k ∈ [1, a].
(b). D∗[My,x] is isomorphic to K
∗
a/2,a/2 or K
∗
a/2,a/2 \ {e} with partite sets {v1, v2, . . . , va/2} and
{va/2+1, va/2+2, . . . , va}. Notice that a ≥ 4 and D
∗[My,x] contains cycles of every length 2k, k ∈ [1, a/2].
Therefore, by Lemma 3.4(ii), D contains cycles of every length 4k. It remains to show that for any
k ∈ [1, a/2− 1], D also contains a cycle of length 4k + 2.
We claim that there exist p ∈ [1, a/2] and q ∈ [a/2+ 1, a] such that ypxq ∈ A(D). Assume that this is
not the case, i.e., there is no arc from {y1, y2, . . . , ya/2} to {xa/2+1, xa/2+2, . . . , xa}. Then, since D
∗[My,x]
is isomorphic to K∗a/2,a/2 or K
∗
a/2,a/2 \ {e}, from the definition of D
∗[My,x] it follows that d
+(y1) ≤ a/2,
d+(ya/2) ≤ a/2, d
−(y1) ≤ a/2 + 1 and d
−(ya/2) ≤ a/2 + 1. Combining these inequalities, we obtain that
d(y1) + d(ya/2) ≤ 2a+ 2, which contradicts condition A0 since a ≥ 4.
Assume that D∗[My,x] is isomorphic to K
∗
a/2,a/2\{e}. Without loss of generality, we may assume that
e = vava/2. From the definition of D
∗[My,x] it follows that {x1, x2, . . . , xa/2} → {ya/2+1, ya/2+2, . . . , ya}
and D contains all possible arcs from {xa/2+1, xa/2+2, . . . , xa} to {y1, y2, . . . , ya/2} except xaya/2.
If p = a/2 and q = a (i.e., ya/2xa ∈ A(D)), then y1x1ya/2+1xa/2+1y2x2ya/2+2xa/2+2 . . . ykxkya/2+k
xa/2+kya/2xay1 is a cycle of length 4k + 2, where k ∈ [1, a/2− 1]. Thus, we may assume that ya/2xa /∈
A(D). Then the vertices xa, ya/2 are not adjacent since xaya/2 /∈ A(D). This together with d
−(ya/2,
{x1, x2, . . . , xa/2}) ≤ 1 give d(ya/2) ≤ 3a/2−1. This together with condition A0 implies that d(ya/2−1) ≥
3a/2 + 1. Therefore, ya/2−1xa ∈ A(D) since d
−(ya/2−1, {x1, x2, . . . , xa/2}) ≤ 1. Now it is not difficult to
check that y1x1ya/2+1xa/2+1y2x2ya/2+2xa/2+2 . . . ykxkya/2+kxa/2+kya/2−1xay1 is a cycle of length 4k+2
when k ∈ [1, a/2−2], and y1x1ya/2+1xa/2+1y2x2 ya/2+2xa/2+2 . . . xa/2−2ya−2xa−2ya/2xa/2ya−1xa−1ya/2−1
xay1 is a cycle of length 2a− 2 when a ≥ 6. If a = 4, then y2x2y4x4y1x3y2 is a cycle of length 6 = 2a− 2.
Assume now that D∗[My,x] is isomorphic to K
∗
a/2,a/2. In this case, without loss of generality, we
assume that p = a/2 and q = a. By repeating the above argument, when p = a/2 and q = a, we may
show that D contains cycles of all lengths 4k + 2, k ∈ [1, a/2− 1].
(c). D∗[My,x] ∈ Φma . Since D contains cycles of lengths 2, 4 (Lemma 4.1) and every digraph in Φ
m
a
is Hamiltonian, we can assume that a ≥ 4. Let V (D∗[My,x]) = {v1, v2, . . . , va} and vava−1 . . . v2v1va is a
Hamiltonian cycle in D∗[My,x]. Therefore, by the definition of D
∗[My,x], for all i ∈ [2, a], xiyi−1 ∈ A(D)
and x1ya ∈ A(D). From the definition of Φ
m
a we have d
+(va) = 1 and d
+(va−1) ≤ 2. These means that
d+(xa) ≤ 2 and d+(xa−1) ≤ 3. These together with d−(xa) ≤ a, d−(xa−1) ≤ a and condition A0 imply
10
that
d(xa) ≤ a+ 2, d(xa−1) ≤ a+ 3 and 3a ≤ d(xa) + d(xa−1) ≤ 2a+ 5. (13)
This implies that a ≤ 5, i.e., a = 4 or a = 5.
Let a = 5. Then from (13) it follows that d(xa) + d(xa−1) = 2a + 5, d
−(xa) = d
−(xa−1) = a, i.e.,
{y1, y2, . . . , ya} → {xa, xa−1}. Therefore, y2x5y4x4y3x3y2 (respectively, y1x5y4x4y3x3y2x2y1) is a cycle
of length 6 (respectively, of length 8).
Let a = 4. In this case we need to show that D contains a cycle of length 6. If x1y3 ∈ A(D)
(or y2x1 ∈ A(D)), then x1y3x3y2x2y1x1 (respectively, x1y4x4y3x3y2x1) is a cycle of length 6. We may
therefore assume that x1y3 /∈ A(D) and y2x1 /∈ A(D). Then d(x1) = d(x4) = 6 since d(x4) ≤ a + 2
and d(x1) + d(x4) ≥ 12. Therefore, d
−(x4) = 4, which in turn implies that y1x4 ∈ A(D). Hence,
y1x4y3x3y2x2y1 is a cycle of length 6. Thus, we have shown that if D
∗[My,x] ∈ Φma , then a = 4 or a = 5
and D contains cycles of all lengths 2, 4, . . . , 2a. This completes the proof of the theorem.
Our proof does not rely on Theorem 1.10, and thus can be seen as an alternate proof of Theorem 1.8.
Note that Theorem 1.9 is an immediate consequence of Theorem 1.14, when a ≥ 3.
Note added in proof. Let D be a balanced bipartite digraph of order 2a ≥ 6. Suppose that D is
not a directed cycle and d(x) + d(y) ≥ 3a for every pair of vertices x, y with a common in-neighbor or
a common out-neighbor. Using Theorem 1.10, recently Adamus (arXiv:1708.04674v2 [math.CO] 22 Aug
2017) proved that:
The digraph D either contains cycles of each even length less than or equal to 2a or d(x) + d(y) ≥ 3a
for every two vertices x, y ∈ V (D) from the same partite set of D.
From this and Theorem 1.14 it follows the following theorem by Adamus.
Theorem 1.15. (Adamus). Let D be a strongly connected balanced bipartite digraph of order
2a ≥ 6. Suppose that D is not a directed cycle and d(x) + d(y) ≥ 3a for every pair of vertices x, y with
a common in-neighbor or a common out-neighbor. Then D contains cycles of each even length less than
or equal to 2a.
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